A single wave component of a quantum particle can in principle be detected by the way that it interferes with itself, that is, through the local wave function correlation. The interpretation as the expectation of a local translation operator allows this measure of quantum wavyness to be followed through the process of decoherence in open quantum systems. This is here assumed to be Markovian, determined by Lindblad operators that are linear in position and momentum.
I. INTRODUCTION
Waves and the dynamics of particles were separately studied in classical physics before the birth of quantum mechanics. One of the strange novelties that then came into being is the imputation of a certain wave nature for a single particle, once the unity of classical phase space is split into complementary descriptions, either in positions or momenta: A momentum eigenstate is represented by a δ-function in its own representation, but it is a plane wave in the position representation and vice versa. In the full quantum picture in phase space provided by the Wigner function [1] , these simple states appear as just a δ-function along the corresponding plane, so that the implicit wavyness can only be elicited by a (symmetrized) Fourier transform into either the position or momentum coordinates.
The standard way to examine the properties of waves is through interference. The linear superposition of position or momentum eigenstates leads to structures that are evident in the intensities of their wavy representations and in the Wigner function itself. Furthermore, the mere dynamical bending of the supporting plane into a Lagrangian surface already provokes interferences in either of these representations. Interferences are considered to be quantum resources in the language of quantum information, but they are very sensitive to dephasing or decoherence in contrast to the intrinsic measure of wavyness for a single wave:
A correlation matches the wave with its own translation, instead of another wave. Thus, even a very small correlation length, of the order of its tiny quantum wavelength, already detects the wavyness of a momentum eigenstate or of a single branch of a Lagrangian surface that supports a more general state. It will then be seen that these are the last vestiges of quantumness that survive the process of decoherence.
Decoherence results from the contact of a quantum system with an uncontroled environment, so that an initial pure state evolves into a mixture [2] . Quantum interference within the initial state is quickly erased in this process of emergent classicality, but the point at which the last vestige of wavyness is lost by the evolving density operator should also be enquired. Does this event occur globaly, or is there an intermediate regime in which some robust type of local quantum oscilation can still be detected through the prevailing classicality?
The assumption of Markovian evolution, governed by a master equation, in which all the Lindblad operators [3] responsible for the nonunitarity of the evolution are linear functions of the phase space variables, narrows down the investigation while maintaining considerable relevance. If, furthermore, the driving Hamiltonian is quadratic, whether harmonic or not, it is shown that the Wigner function describing the state becomes positive at a definite time that does not depend on the initial state, providing that it was not positive already [4] . But is this really the ultimate criterium for complete classicality? Is it not possible to evince the existence of local oscilations even if they are not strong enough to push the Wigner function into negative values?
The generalization of the exact results in [4] to arbitrary Hamiltonians was carried out in [5] [6] [7] as a semiclassical (SC) approximation, assuming that the initial state also has a SC form. In other words, the state should correspond classically to a Lagrangian surface in phase space (typically a torus) [8] , such as a Fock state in one or more dimensions. Then, unlike the case of quadratic evolution, the final surface develops many new branches as described by [9] that contribute SC oscilatory terms to any given choice of representation, e.g. position, momentum, or the standard phase space representations, that is, the Wigner function and its Fourier transform, known as the chord function, in the notation of [10] , or the quantum charateristic function. The latter is also a complete representation of a quantum state, while providing a complementary description: All traces of classical structures are compressed into a small neighbourhood of the chord origin, so that large scales of the chord function illuminate purely quantum nonlocal correlations. Thus, in contrast to the Wigner function and the Husimi function [11, 12] that are traditional rivals for eliciting classical structures in quantum states, the chord function is a priviledged probe for delicate quantum features, such as coherence loss in open systems studied in [5] [6] [7] .
A pair of points on the Lagrangian surface defines a SC-relevant chord. Decoherence quenches its contribution to the chord function by the exponential of a negative functional of this chord's history. It is only in the quadratic case that all chords have the same decoherence functional, leading to the Wigner function as a simple convolution. But the Fourier transform into the Wigner function depends on the entire chord function, even though all long chords are quickly quenched. Thus, the key question is whether the surviving region of the chord function itself stores unequivocable quantum information near the origin for appreciable times.
It turns out that local wavefunction correlaltions (LWC) are the appropriate measure of residual wavyness. They were proposed by Berry [13] in the context of quantum ergodicity [14] [15] [16] [17] and here they are identified with the expectation of a local translation operator, which allows their generalization for mixed states. The LWC have also been found to have experimental relevance (see [18] and references therein). Actually, the states that are prepared for an experiment are generally simple eigenstates of integrable Hamiltonians, or their superpositions, so that the aim here is to determine the effect of decoherence on the LWC of integrable eigenstates, which were also analyzed in [13] , rather than the correlations of ergodic states that have received most attention so far.
The fact that the LWC are entirely determined by the small chord neighbourhood of the chord function [19] heralds their suitability for the present study. It is shown in the Appendix that the complete set of LWC have the same information content as the Husimi function if the averaging distances are the widths of a coherent state. Thus a pure state is in principle completely defined by its LWC.
A special bonus of thus being able to restrict our study to small chords is that then the general nonlinearity of the corresponding classical motion is approximately subsumed within the time dependence of the quadratic expansion of the full Hamiltonian around each trajectory. The consequent linearized approximation vastly simplifies the full SC theory in double phase space that was developed in our previous work [5] [6] [7] , both for the unitary evolution and the decoherence functional. 
II. THE SHORT CHORD LIMIT
Let us recall that R 2N stands for a (2N )-dimensional classical phase space, {x = (p, q)} with its skew product,
which also defines the skew symplectic matrix J. We shall here use a distinct notation for the centre of a pair of points,
are the conjugate variables to the centres x and correspond to tangent vectors in phase space, as in the scheme for a Legendre transform. Each of these chords lables a uniform translation of phase space points x 0 ∈ R 2N by the vector ξ ∈ R 2N , that is:
Likewise, each centre, x, labels a reflection of phase space R 2N through the point x, that is
Corresponding to the classical translations, one defines translation operators,
also known as displacement operators, or Heisenberg operators. The chord representation of an operatorÂ on the Hilbert space L 2 (R N ) is defined as a linear (continuous) superposition of translation operators. In this way,
and the expansion coefficient, a function on R 2N , is the chord symbol of the operatorÂ:
The Fourier transform of the translation operators defines the reflection operators,
such that each of these corresponds classically to a reflection of phase space R 2N through the point x. The same operatorÂ can then be decomposed into a linear superposition of reflection operatorsÂ
thus defining the centre symbol or Weyl symbol of operatorÂ in the manner of Grossmann [20] :
In the case of the density operator, it is convenient to use another normalization for the Wigner function [1, 21] and the chord function as
The centre and chord symbols are always related by a Fourier transform:
In particular, one obtains the reciprocal representations of the reflection operator and the translation operator as
These expressions are ideally suited for use in SC approximations. The direct representations
The basis for the following developments is the curious form of expressing the Fourier relation between the Wigner function and the chord function as
The key point is that the substitution of the full oscillatory quantum Wigner, W (x) function in this formula by its corresponding classical Liouville distribution, W c (x), can be a good approximation for the true chord function in a neighbourhood of the origin. Indeed, all polynomial moments, i.e. expectations of positions and momenta are just multiple derivatives of χ(ξ) at the origin, so that whenever the averages for these variables are approximately classical, so will be the short chord limit of the chord function.
The nontrivial nature of this short chord approximation is manifest upon considering it as the chord symbol of the classical density operator,
The centre symbol for this expression, using 12, merely returns the original Liouville distrbution, W c (x). In contrast, the 'classical' approximation of 13 is a sum over plane waves instead of δ-functions. In the case of a pure integrable state that can be described by a generalization of the WKB approximation, so that it corresponds to a Lagrangian surface, this simple form of the short chord approximation does hold [22] . Furthermore, it can be extrapolated to provide essentially nonclassical information concerning the state in the form of blind spots. These isolated zereos of the chord function are too sensitive for our present purposes, since they disappear immediately with the onset of decoherence. However, it is shown in [19] that local correlations of the wave function are also predicted by the short chord approximation. These will be shown in the next section to be fairly robust with respect to decoherence. The discussion of quantum ergodicity in [19] extrapolates from the WKB type of states and provides evidence that the short chord approximation holds even in the absence of integrability. Here we will assume that it is quite general; for instance, that it can also be assumed for an evolving coherent state as, say, the corresponding Liouville density wraps around the unstable manifold of an unstable fixed point.
It should always be borne in mind that no information is assumed concerning the chord function outside a small neighbourhood of the origin, so that one is forbidden to take its
Fourier transform to what would be merely the starting point: W c (x). This initial classical distribution is just the 'scafolding' for the short chord approximation, not the 'building' itself!
III. MARKOVIAN EVOLUTION OF SHORT CHORDS
The Lindblad master equation [3] describes the general evolution for markovian open systems under the weakest possible constraint. Given the internal Hamiltonian,Ĥ, and the Lindblad operators,L k , which account for the action of the random environment, the evolution of the density operator may be reduced to the canonical form,
so that, in the absence of the environment (L k = 0), the motion is governed by the LiouvilleVon Neumann equation appropriate for unitary evolution. Henceforth, we shall ommit the sum and the index, k, since the results depend linearly on them.
In the chord space, by using product rules for the product of operators [10] , the Lindblad equation is represented by a partial differential equation. In the case where the Lindblad operators are linear functions ofp andq, that is,
with l and l real vectors, the master equation (for a single k-component) can be written
The dissipation coefficient,
is null for a Hermitian Lindblad operator (l = 0) and we then have a purely diffusive case.
H is the Weyl representation of the Hamiltonian of the isolated system and coincides with the corresponding classical Hamiltonian, up to semiclassically small corrections due to the of non-commutativity ofp andq. By defining the variables y = Jξ = (−ξ q , ξ p ), the direct sum of the conjugate spaces spanned by x and y can be interpreted as a double phase space, where x formally plays the role of the position, q, and y the role of its Fourier conjugate, the momentum p. Then, introducing the double phase space Hamiltonian,
the above equation becomes
The same name has been kept for the characteristic function χ(y, t), though strictly this should be χ(ξ, t) = χ(−Jy, t).
The SC approximation is built on the classical trajectories (x τ , y τ ) in the double phase space, with initial conditions on a Lagrangian initial surface and driven by the double Hamiltonian (19) through Hamilton's equations:
In the case where y = ξ = 0, the second equation above reduces tȯ
so that the classical motion in the x-plane is dissipative if γ = 0. On the other hand, the evolution of chords, which are small enough to warrant the linearization of Hamilton's equations in the neighbourhood of x τ , is driven bẏ
where H(x τ ) is the Hessian matrix of H(x τ ). In other words, small chord trajecories, ξ τ = −Jy τ , evolve according to the monodromy matrix for the Hamiltonian motion neighbouring the trajectory, x τ , in single phase space, but with a boost in the case of dissipation. Then there exists a dissipative monodromy matrix M(x τ ), such that y τ = M(x τ )y 0 for each centre trajectory, along which is defined a quadratic Hamiltonian, x · H(x τ ) x. In this way, it is the time dependence through x τ that takes partial account of the nonlinearity of the original system.
The Markovian evolution of any chord function may be obtained by superposing linearly the solutions of the above Lindblad equation, while substituting the density operator by the reflection operators,R x (t) in 13. In other words, one decomposes the evolution of the chord function in terms of the evolving chord symbol of the reflection operators, which are identified as mixed centre-chord propagators [23] . For unitary evolution in the limit of short chords, this reduces to
where x(t) = x (τ =t) is the solution of 22 for the final time. Thus the propagator is just the chord symbol for a reflection operator with an evolved centre. The general SC Markovian form of the centre-chord propagator was obtained in [7] . In the SC approximation, decoherence quenches the contribution of long chords in 24:
where the decoherence functional is just
The limitation to short chords now allows us to consider that ξ τ is itself a linear function of ξ 0 = ξ, so that 26 is the implicit expression for a quadratic form in its components:
where the explicit form for the positive symmetric decoherence matrix is
Notwithstanding the functional relation of the decoherence to the full trajectory, x τ , this in its turn is uniquely specified by its final value, x. One should recall that in the general case of several linear Lindblad operators, l k and l k , one merely sums each of their contributions to the exponent.
Thus, the unitarily evolved reflection is modulated by a Gaussian. In the simple quadratic case [4] , the monodromy matrix is independent of x and so is the decoherence matrix, Φ(t):
Then it is not only the chord symbol of the reflection operator, but also any chord function Inserting the Markovian centre-chord propagator in 13 leads to a simple expression for the short chord limit as a superposition of atenuated reflections,
in which we will further approximate the original Wigner function by W c (x), the classical Liouville distribution.
IV. WAVE FUNCTION CORRELATIONS
Given a pure state,ρ = |ψ ψ|, a convenient definition of local wavefunction correlations
where the averaging window is chosen to be SC small, that is,
which allows for many oscillations of the wave function in the average. An important case is where ∆ is of the order of 1/2 , the width of a coherent state. Though originally, a pure state was assumed, this will here be relaxed in admiting that decoherence may mix the state in time. Thus, strictly speaking, there is no longer a wavefunction, so that we really study the evolution of elements of the density matrix in position representation and their correlations, but there is no need to change the nomenclature. It is understood that the true correlation should be divided by the normalization factor C ∆ (0, Q), that is, the local average of the wave intensity. Only then is 30 equivalent to Berry's definition [13] , but it is more convenient to work with the formula prior to normalization.
The full wavefunction correlations, with ∆ → ∞, may be identified with the expectations of the translation operator 2, such that the translating chord has zero momentum,
It is then expedient to define local translation operatorŝ
in a similar fashion to the full translation operators 2, but only transitions in position are considered and these have a finite range, ∆, around Q. Then one reinterprets the LWC as the expectation of a local translation:
If one now expresses the density operator as a superposition of reflexions 13, the LWC also become a superposition of the elementary correlations, which are just the Weyl representation of the local translation operator,
which cut off the plane waves 11, representing full translations by ξ = (ξ q , 0), outside of the Gaussian window of positions.
The spectrum of a single elementary correlation, that is, its Fourier transform with respect to ξ q is just a δ-function,
where only the amplitude depends on Q. It is important to note that the local translation operator is not an observable. However,
are simple mechanical observables, with real Weyl symbols that equal twice the real and the imaginary parts of 35. The labels of the translation have here been ommited, but in general there will be a doubling of the correlations that are discussed in this paper. For instance, the elementary correlations then give rise to a pair of terms such as 35, so that the full spectrum has peaks at ±p.
The chord symbol for the local translation is the Fourier transform of 35:
so that the chord representation of 34, Note that the simple expression for the chord function of a state that is translated in phase space by a chord η,
leads to the reading of 39 as a mere Gaussian smoothed projection of the chord function that is translated by η = (Q, 0).
Alternatively, the definition of the quenched chord function, A simple example of the LWC arises for a coherent state, labeled by the vector η = (η p , η q ),
Its chord function for ω = 1 is just
which is of the same form as 25. Thus, the chord function for a pure coherent state equals the chord symbol for a reflection that has undergone an appropriate decoherence. The LWC is then
with the spectrum
Thus, there is a single spectral peak that is centred on the classical momentum with a width of √ .
V. SEMICLASSICAL CORRELATIONS
In the case where the SC state corresponds to a torus specified by action-angle variables, with constant I so that x = x(I, θ), the short chord approximation corresponding to 14 is
Inserting this into 39 leads to
where now the N angles become multivalued functions of the positions, given the actions I.
If ∆ is small within a classical scale, we may fix
which leads to Berry's approximation [13] of the LWC as
within a normalization. It should be recalled that
is just the square of the amplitude for the j'th term of the SC wavefunction, defined by the j'th branch of its action function, S j (q, I). These branches are separated by caustics where 50 is singular. One should further note that the absence of time in these formulae in no way precludes the treatment of an unitary evolution. Then the SC approximations merely relie on a classically evolving Lagrangean surface, so there is an implicit time dependence of the action and angle coordinates, x(I, θ, t), and likewise the branches of the action function, S j (q, I, t), will be separated by moving caustics.
An improvement on the above approximation results from the inclusion of the second term in the expansion,
within the exponent of the integral in 39, so that
which then integrates to
Thus one arrives at a discrete superposition of wavelets in the correlation length, which unlike the elementary correlations 35 and the simple approximation 49, have a broadened frequency spectrum,
though the widths go to zero in the case of a flat Lagrangean surface, that is,
such as in a billiard. Otherwise, the spectrum still has narrow peaks in comparison to their separation, p j (Q) − p j (Q), if one chooses ∆ 2 ≈ as discussed in the Appendix. It is only when the averaging width ∆ is chosen of the order of these separations that the individual lines will no longer be detectable.
Before proceeding further, it is worthwhile to introduce the tangent vectors to the Lagrangian surface at the point x j = (Q, p j (Q)), that is,
for any arbitrary chord component ξ q . This allows for the compactification of the approximation 53 as
which will be convenient for the analysis of Markovian evolution.
The effect of decoherence within a scenario dominated by short chords is now incorporated through the SC approximation 25, as specified by the quadratic form in terms of the decoherence matrix 28, within the integral in 53. The same expansion of the phase as in the unitary case around the classically relevant points, x j = (Q, p j (Q)), while the decoherence matrix for each of these is fixed at
then results in the inclusion of a second Gaussian term in the integral. In other words, the modified chord function 41 merely picks up a true local decoherence factor on top of the correlation smoothing:
The result can then be expressed in terms of the tangent vectors defined by 55, so that the SC approximation for the Markovian evolution of the LWC takes the form of a simple generalization of 56:
The broadening of the spectral correlations depends on the full quadratic form,
even though the explicit dependence on the correlation length itself, ξ q , arises indirectly through 55. To find the explicit dependence, one makes use of the symplectic invariance of the entire centre-chord formalism [4] , that is, our results are equally valid after symplectic transformations are performed in phase space, which correspond to metaplectic quantum transformations [24] : If the classical transformation is x → x = C x, then the transformed decoherence matrix is
Let us then define the symplectic shear transformations, C j , that are taylored to bring each tangent plane at x j to the horizontal:
But the chords transform in the same way as x − x j , so that the shearing takes ξ j → ξ j = (ξ q , 0), which brings the decoherence matrix in 59 to the simple form
with
Thus, one arrives at the alternative form of the Markovian evolution of the LWC,
which depends explicitly on the correlation parameter, ξ q .
The Fourier transform in relation to ξ q then leads to the generalization of the spectrum of the LWC for a pure state, given by 54, as
In the case of a single degree of freedom, the matrices, Φ j, reduce to a scalar. So that, after the short short time of the positivity threshold, t p , discussed in section 3, decoherence dominates and the width of the peak is basically Φ j.
VI. DISCUSSION
The Markovian approximation for general open evolution of quantum systems only holds in the limit of weak coupling to the environment. Even so, the qualitative features of decoherence and quantum dissipation are already integral features of the Markovian scenario.
The introduction of corrections, related to the memory kept by the environment of the system's past motion, denies the formulation of a simple master equation that is purely differential, thus impairing a fully general description. We conjecture that the expectation of the local translation operators, that is, the LWC belong to the robust set of features that are at least qualitatively captured by the Markovian framework.
The combination of the Markovian, the semiclassical and the short chord aprroximations wraps the effect of decoherence into a single quadratic form, The distance between the peaks is just that of the corresponding classical momenta at each point.
The width of each peak increases with the slope of the curve. This is maximal near a caustic, where a pair of branches coalesce. All peaks broaden with decoherence, which ultimately destroys their resolution.
The simplest case is that of an initial eigenstate of the driving Hamiltonian, or an eigenstate of observables which commute with it. Then the Lagrangian surface is fixed and all the spectral broadening depends only on the growth of the decoherence matrices. The last spectral lines to disapear with decoherence are those which have the centre of the correlation window, Q, far from the fixed caustics. In contrast, the evolution of a general SC state will correspond to a Lagrangian surface that wraps around itself in complicated ways, develping 'whorls' and 'tendrils' as discussed in [9] . Thus, a convex closed curve can evolve into something as shown in Fig 1. The number of branches increases and more peaks are produced in the LWC spectrum: They are closer together and they are broadened by the viccinity of more caustics joining these new branches. In this way, the purely classical bending of the Lagrangian surface is partly responsible for the loss of quantum wavyness.
So far we have always assumed that the initial state is a generalized WKB state, corresponding to a single Lagrangian surface. Of course one can also allow superpositions of such states. These lead to interferences in the complete Wigner function, which become large structures in the chord function. The first effect of decoherence is to quench the amplitude of all large chords and thus to erase large structures in the chord space, as opposed to the long survival of the spectral peaks of the LWC, which depend only on short chords. Hence, the LWC for a superposition is no different from th the at of a mixture of the same states.
Indeed, this is yet another indication of the robustness of the LWC: The LWC for the mixture of a few states preserves the independent spectral peaks of each component state, so the mixture has more of them and their average distance diminishes. Nonetheless, the peaks in the components of the mixture can still be resolved, as long as the peak widths are smaller than all the separations.
An initial coherent state also deviates from our previous assumptions. Indeed, the LWC spectrum for these states 45 has a single peak with a width √ . Nonetheless, the spectrum of the expectation for the symmetrizations of the local translation operator 37 doubles the number of peaks, so that the peaks for a coherent state centred at the phase space point, η, lie at p = ±η p . Thus, as far as concerns the detection of wavyness, a coherent state closer to the origin is more classical than one far from the origin. [28] The nonlinear evolution of such a state quickly drives it into a thin surface or line, in the case of a single degree of freedom, with an oscillating Wigner function, as described by [25] [26] [27] . Decoherence will quench this long chord structure, within a typical threshold time, t p , for positivity of the Wigner function discussed in section 3. This may even precede the formation of the interferences in an unitary evolution. But the intrinsic wavyness portrayed by LWC should survive much longer and we conjecture that it can be calculated by the classical short chord approximation to the chord function 14, even for the evolution of the initial classical Gaussian distribution corresponding to the coherent state.
Special care should be taken in the adaptation of the present results to quantum billiards.
Indeed, the Wigner and the chord transforms themselves are affected by the boundary, which needs to be considered in computational work on wave function correlations for billiards.
The loss of dependence on the position, Q, of the averaging window, as long as this is far from the boundary, simplifies calculations. Collisions of an initially smooth Lagrangian surface with the boundary will separate it into disconnected branches that are no longer connected by caustics, but our previous discussion about the relation of peak widths and their separations still holds.
All in all, one can be sure that the emergence of positivity of the Wigner function through decoherence does not necessarily imply the absence of detectable wavyness in the evolving mixed state. Positivity requires that the elements of the decoherence matrices are of order 0 , so that the resulting mixed Wigner function convoluted with a Gaussian with a width of order 1/2 resembles a pure Husimi function. This occurs globally at a precise positivity time, t p , if the Hamiltonian is quadratic, and picemeal otherwise, but within a similar overall scale.
Then each LWC contribution also has a width of order 1/2 and so do the corresponding spectral peaks. In contrast, the centres of these peaks are located at p j (Q), i.e. at the relevant classical momenta. So, in the case of a single freedom, it is only when the spectral widths, Φ j> |p j (Q) − p j (Q)|, that the peaks can no longer be resolved. For this to happen, the elements of the decoherence matrices must have grown to be of order −1 .
Thus, one should be able to detect residual quantum wavyness, identified as the expectation of a local translation operator, long after positivity of the Wigner function has been reached. 
the Husimi function is the average ρ H (η) = η|ρ|η = tr ρ |η η|,
which is non-negative for all phase space points, η. Moreover, it can also be interpreted as a smoothed Wigner function,
that is, the convolution of the Wigner function with a phase space Gaussian of volume N .
It follows that the Fourier transform of the Husimi function is just
so that the long chords are suppressed and only the neighbourhood of the origin with radius 1/2 is appreciable.
The subtlety is that the complete encoding of quantum information in the Husimi function is so delicate as to disallow us to neglect the evanescent region in the Gaussian tail, for it enters in the inverse Fourier transform for the complete Husimi function. Even so, the Husimi function of a pure state can be reconstructed from the knowledge of the LWC, even though they are also obtained by coarse graining the chord function. To see this, consider the effect of a further smooth projection, but now onto the P-axis with the specific choice ∆ = 1/2 : dξ q (2π ) N C ∆ (ξ q , Q) e Thus, we recognise the Fourier transform of A4, that is, the Husimi function, evaluated at the phase space point, X = (Q, P), so that exact knowledge of the local correlation for all positions, Q, also contains, in principle, complete information about the state. In spite of smoothing the wave function to obtain the correlation, the fact that according to 40 one translates the chord for each position then implies that the short chord information for the set of translated states has the full information of the single original state.
